The current phenomenological determinations of α s (M τ ) and α s (M Z ) are shown to be only marginally consistent with the QCD evolution of the strong coupling constant between M Z and M τ . This motivates a revised estimate of α s (M τ ) since the perturbative series used to extract α s (M τ ) from the τ hadronic width exhibits slow convergence. Padé summation techniques provide an estimate of these unknown higher-order effects, leading to the revised determination α s (M τ ) = 0.333 ± 0.030. This value is 10% smaller than current estimates, improving the compatibility of phenomenological estimates for α s (M τ ) and α s (M Z ) with the QCD evolution of the strong coupling constant.
The Particle Data Group (PDG) quotes the following values for the strong coupling constant as determined from Z 0 and τ decays [1] . α s (M τ ) = 0.370 ± 0.033 (1) α s (M Z ) = 0.118 ± 0.003 (2) Since these determinations of α s occur at such widely separated energies, the compatibility of these values of α s with the QCD evolution of the coupling constant is an important test of both QCD and the phenomenological results used to extract the coupling constant from the experimental data. In particular, α s (M τ ) is sufficiently large that presently unknown terms from higher order perturbation theory could substantially alter the value of α s (M τ ) extracted from the experimental data. Padé approximant methods provide estimates of the aggregate effect of (presently unknown) terms from higher-order perturbation theory [2, 3, 4, 5] . As shown below, the use of Padé summation to estimate such terms leads to a substantial decrease in the value of α s (M τ ) extracted from τ decays, improving the compatibility of α s (M τ ) and α s (M Z ) with the QCD evolution of the coupling constant. The QCD evolution of the coupling constant is governed by the β function which is now known to 4-loop order [6] . Using the conventions of [7] , a ≡ αs π satisfies the differential equation 
Using the value α s (M z ) as an initial condition, the coupling constant can be evolved to the desired energy using the differential equation (3) . The only subtlety in this approach is the location of flavour thresholds where the number of effective flavour degrees of freedom n f change. In general, matching conditions must be imposed at these thresholds to relate QCD with n f quarks to an effective theory with n f − 1 light quarks and a decoupled heavy quark [8] . Using the matching threshold µ th defined by m q (µ th ) = µ th , where m q is the running quark mass, the matching condition to three-loop order is [9] 
leading to a discontinuity of α s across the threshold. Thus to determine the coupling constant at energies between the c quark threshold and the b quark threshold, the β function with n f = 5 is used to run α
as an initial condition. The matching condition (6) is then imposed to find the value of α (4) s (m b ) which is then used as an initial condition to evolve α s to lower energies via the n f = 4 β function.
If α s (M Z ) is used as the input value to determine the QCD prediction of α s (M τ ), then one might legitimately be concerned about the effect of (unknown) higher-order terms in the β function at lower energies where α s is larger. Padé approximations have proven their utility in determining higher-order terms in the β function. For example, using as input the four-loop β function in O(N ) gauge theory [10] , asymptotic Padé methods described in Section II of [4] are able to predict the five-loop term to better than 10% of the known five-loop contributions for N ≤ 4 [3, 11] . When these same methods are applied to QCD, the following predictions for the unknown five-loop contribution to the β function are obtained [11] .
n f = 5 :
From these predictions, β functions containing [2|2] Padé approximants can be constructed to estimate the sum of all higher-order contributions. These Padé-summations, whose Maclaurin expansions reproduce β 1 , β 2 , β 3 and and the asymptotic Padé-approximant estimates (7, 8) of β 4 , are given by:
Thus the QCD prediction of α s (M τ ) depends on only two parameters: the initial condition α s (M z ) and the position of the five-flavour threshold defined by m b (m b ) = m b . As will be discussed below, the uncertainty in the Particle Data Group value [1] for this threshold
has a negligible effect on the QCD prediction of α s (M τ ) compared with the uncertainty in α s (M z ) (2).
The compatibility of the experimentally/phenomenologically determined values α s (M Z ) and α s (M τ ) with the QCD evolution of the coupling constant can now be studied. Figure 1 shows the effect on α s (Q) of progressive increases in the number of perturbative terms in the β function, culminating with the Padé summation (9,10) for β. It is evident that the curves for α s (Q) appear to converge from below to that generated by the Padé summation of the β function, since the gaps between curves of successive order decrease. Using the input values (2,11) for the QCD evolution of α s down from the Z 0 to τ mass, we obtain the following range of values for α s (M τ ) for successive orders of perturbation theory [11] :
The dominant effect on the uncertainty in the above originates from α s (M Z )-the effect of the uncertainty in the five-flavour threshold (11) is inconsequential. Thus as illustrated in Figure 2 , the empirical determinations of α s at M Z and M τ are only marginally consistent with the QCD evolution of the coupling constant. This motivates a revised determination of α s (M τ ) using Padé approximation techniques.
The seminal QCD analysis of the τ hadronic width [12] 
leads to the following result for R τ .
To facilitate comparison of the Padé improvement of this result with previous research we use values for the parameters in (17) identical to [12] : the CKM matrix elements,
and the Cabibbo angle
The electroweak contributions in (17) are
The mass-independent perturbative contribution to R τ is the dominant effect: in the MS scheme, it takes the form
Note that for a characteristic value α s (M τ ) = 0.37, the contributions of various orders to δ (0) are
illustrating the slow convergence of the perturbation series, and hence the potentially important role of presently unknown terms from higher-order perturbation theory.
Perturbative quark mass contributions to R τ occur for D = 2 in the summation. The quantity δ
ij , representing the average of the axial and vector contributions to R τ , is
where The total effect of these D = 2 mass corrections is small in comparison with δ (0) since the potentially large s quark contributions are suppressed by sin θ c in (17). Dimension-four (D = 4) and higher contributions to R τ are dominantly non-perturbative in origin, and involve the QCD condensates which originate from the operator-product expansion [13] . The average of the axial and vector contributions for D = 4 is
which has explicit and implicit dependence on α s (M τ ). Values for the QCD condensates appearing in (27), as used in [12] , are aGG = 0.02 GeV Dimension-six contributions are the dominant non-perturbative effect. After use of the effective phenomenological equivalent of the vacuum saturation hypothesis [13] parametrized by the (near) RGinvariant quantity,
the average of the axial and vector D = 6 contributions is [12] 
Dimension-eight and higher dimensional non-perturbative contributions to R τ are negligible [12] . Padé approximation techniques can now be applied to the determination of α s (M τ ) from an experimentally determined R τ . Asymptotic Padé approximation (APAP) techniques use convergence properties of the perturbative expansion to provide improved estimates of the fifth order term in a perturbation series given knowledge of the fourth-order series [4] . Explicit field-theoretical tests of the APAP approach where the fifth order terms are known lead to extremely accurate results. For example, the N = 1 limit of the five-loop β function for O(N ) gauge theory has been calculated explicitly [10] . Using the APAP algorithm described in Section II of [4] , it is possible to make an APAP estimate of the known five-loop term β 5 based upon the contributions from the previous four terms β 1 -β 4 . This estimate has been found to be well within 0.2% of the answer obtained by direct calculation [10] .
Applying the same APAP algorithm to the perturbation series (21) leads to the following prediction for the [a (M τ )] 4 perturbative contribution:
It is significant to note that this prediction is very close to the maximum estimated size of the fourth order effect used to determine the theoretical uncertainty in [12] , indicating an underestimate of the higher order effects in previous work. The APAP result in (32) should be compared with that obtained previously from (non-asymptotic) Padé methods [5] 1 + δ
The coefficient of the a 4 term is 20% smaller in the non-asymptotic prediction.
To determine the effect of the APAP prediction (32) on δ (0) we again consider a characteristic value α s (M τ ) 
Effects of the Padé improvement of δ (0) on the α s (M τ ) dependence of R τ , and hence the determination of α s (M τ ), can now be investigated in both the truncated form (32) or [2|2] summation form (35). Table 4 in [12] and for future determination of α s (M τ ), Table 1 contains R τ for selected values of α s (M τ ) in the four scenarios 1 .
The Padé enhancement of R τ implies that the value of α s (M τ ) extracted from the experimental measurement of R τ will decrease. This is illustrated in Figure 4 which inverts the relation between R τ and α s (M τ ). Again, in comparison with the perturbative result, the decrease in α s (M τ ) following from the Padé summation (35) Table 1 : Values of R τ for selected α s (M τ ). The columns differ only in the treatment of δ (0) used in R τ : the "perturbative" column uses (21), the "Padé summation" column uses (35), the "APAP" column uses (32), and the "Nonasymptotic Padé" uses (33).
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